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We derive an exact analytic form for the second-order nuclear amplitudes, under
the Faddeev three-body approach, which is applicable to the nonrelativistic high
energy impact interaction where positronium is formed in the collision of a positron
with an atom. © 2009 American Institute of Physics. [DOI: 10.1063/1.3032503]

I. INTRODUCTION

There is continued interest in the interaction of positrons with atoms particularly when posi-
tronium Ps is formed due to the transfer of a target electron to the scattered positron.1 Among the
various possible processes that might occur in different collision systems, positronium formation
by positron impact on atomic hydrogen is an example for one of the simplest quantal rearrange-
ment processes that can occur in nature. Unfortunately, the theoretical investigation of this simple
rearrangement process involves the full complexities of the quantum mechanical three-body prob-
lem and as such is too difficult to solve exactly.2 These complexities thus compel physicists to use
different theories for different ranges of the impact energy, with one such approach being given
here. Note that, in general, the interaction is a three-body interaction for the simple hydrogen
target and a many-body interaction for larger target atoms.

An investigation was therefore initiated to study positronium formation in the interaction of an
energetic positron, with atomic hydrogen as the target, under a three-body approach. Note that the
long-range Coulomb interaction plays an important role in this three-body interaction. A fully
quantum mechanical three-body approach, which is particularly applicable at moderate and high
impact energies for charge transfer interactions, is the Faddeev—Watson-Lovelace (FWL)
theory.‘gf9 In this formalism, the charge transfer amplitude is evaluated by solving a set of three
coupled integral equations in which the two-body 7T-matrices play the main role. A formal iteration
series is obtained incorporating the Faddeev equations, and it should be noted that the validity of
the Faddeev equations for Coulomb interactions is not proven here mathematically. However, our
method is successful when compared with the available experimental results in the study of charge
transfer'® and ionization'' of atoms by projectile ions where the Coulomb interaction is involved.
A recent study12 of the charge transfer process in p-He collisions shows that both the Faddeev
method, and the continuum distorted-wave (CDW) method need improvement in order to describe
the experimental results. Note that we will refer the reader to Ref. 13, which we hereafter called
Paper I, for a more detailed discussion of the pros and cons of the current method.

The experimental data on positronium formation are limited. Sperber ez al."*"® measured the
total cross sections for Ps production in e*-H collisions for the energy range of 13-55 eV. Calcu-
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FIG. 1. The perturbation diagram associated with the five terms of the FWL amplitude for charge exchange.

lations were performed for a similar process up to 50 000 eV impact energy, incorporating the
impulse approximation (IA),'® strong potential Born (SPB) approximation,'’ and second Born
approximation.

Here we consider positronium formation in the collision of positrons with atomic hydrogen as
being a three-body reaction, where we find an exact form for the second-order nuclear interaction
amplitudes. The present method is applicable to charge exchange at high but nonrelativistic ener-
gies, where the speed of the projectile is higher than the speed of electrons in the target by one to
two orders of magnitude. As noted earlier this paper is a continuation of our previously published
work,13 Paper 1. As was discussed in detail in Paper I, the interaction amplitude, under the FWL
approach and up to second order, assuming the state of the initial channel is |i) and the final
channel is | /), can be written as

Apw = AAVeeli) + AT pli) + AT G Tp i) + (ATr,G Tprli) + (ATpr G T i),
——— —_— ” ) A
WAy Az AP AP 1
where V,,, T, with subscripts are the respective two-body interaction potentials and the two-body

transition matrlces and G is the free Green’s function operator. The second-order interaction
amplitude therefore 1ncludes five terms which are shown schematically in Fig. 1.

The first two amplitudes of Eq. (1) are to first order, while the remaining three amplitudes are
the second-order terms. In Paper I, the first of these second-order amplitudes, responsible for the
presence of the Thomas peak in the angular distribution of the positronium formation differential
cross section, was calculated and discussed in detail. Hence here we concentrate on the second
(A 2)) and third (A(z)) second-order terms of Eq. (1), which are the terms responsible for the
generalized Thomas peak. Note that we refer to the terms A(T and A(2> as the second-order
internuclear term associated with the target and projectile, respectively, and we derive a closed
form for them in this paper. Further note that in the charge transfer process due to the positron-
hydrogen collision, both the Thomas peak and generalized Thomas peak coincide at 45° in the
angular distribution of the cross sections.

The notations defined throughout Paper I will also be used here. However, for completeness,
the commonly referred to terms will again be defined here. The structure of the present paper is as
follows. The second-order internuclear terms will be introduced and simplified in Sec. II. In that
same section, a closed form for the nuclear interaction amplitudes is subsequently derived. This
new form enables us to calculate, in a manner described in Sec. III, the second-order nuclear
amplitudes quite simply and efficiently with a personal computer, thereby saving dramatically on
the computational cost of the calculations. Concluding remarks and a discussion of the present
framework are finally given in Sec. IV. Note that atomic units are used throughout this manuscript.

Il. THE SECOND-ORDER NUCLEAR AMPLITUDES

Let us consider a three-body process in which a projectile P of effective charge Zp impacts on
a target subsystem consisting of an electron e bound to a positive target ion T of effective charge
Zr and mass M. The rearrangement scattering process is denoted as
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FIG. 2. The Jacobi coordinates when the mass of the target’s electron and the projectile (positron) are negligibly smaller
than those of the target’s nucleus.

P+(T+e)— (P+e)+T, (2)

in which the parentheses denote the bound electron-ion aggregates. The Faddeev—Watson
multiple-scattering series for the transition matrix 7, describing the charge transfer process, when
truncated to second order, is’

T8 = Voot Tpp+ TroGiTpe + TrGoTpr+ TprGyTp,. (3a)

The second-order FWL amplitude Agy; for the charge transfer process is, therefore, given by

A= ATl = A, +A,, (3b)

in which A, and A,, are the nuclear-electronic and the internuclear components of the amplitude,
respectively. Note that |i) and |f) are the states which describe the system in the initial and final
channels. The internuclear component of Eq. (3b) includes a first-order term AS} and two second-
order terms A(Tz) and Af),

A= AT prli) + AT GITprli) + fITprGiTp i) = A+ AT + AR 4)

The projectile’s mass M p is equal to the target’s electron mass m in our application and both these
masses are small when compared with that of the target mass m=M p<< M. Accordingly, the
center of mass of the whole three-body system approximately coincides with the target 7. It is also
assumed in our analysis that the target ion remains at rest during the collision. The remaining six
degrees of freedom for the constituents of the system are now described by the Jacobi coordinate
vectors (ry,Ry) and (rp,Rp), as shown in Fig. 2.

Let us define the quantities K;, Kf, En» and g, as the momentum of the incident particle, the
momentum of the final bound product, the initial/ bound-state energy, and the final bound-state
energy, respectively. It therefore follows that the conservation of the total collision energy is given
by

E=K}2+s, =Kj/4+ &, = Vi2+ 8, =Vi+ &nn (5a)

in which v; and v, are magnitudes of the initial and final velocities: v;=K; and v,=K/2, respec-
tively. The momentum transfers experienced by the target and the projectile during the collision
have been defined as

J=Ki—Kf= Vi—ZVf (Sb)

and
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K=1K,-K,=v,-v,, (5¢)
20N PN

respectively. Finally, momentum conservation for the charge transfer process reads as K+J+v,
=0 or 2K+J+v,;=0, where the projectile is specified as a positron. The method described in Sec.
III of Paper I can now be used to expand the plan-wave phases of the initial and final wave
functions as

ki-rr+ K Rp=5(k;—K) -1rp+ (k;+K) - Rp, (6a)

k- rp+ K, Rp=(k+3K)) -1+ (- k,+ 5K)) - Ry, (6b)
where k; and K, are the electron momenta in the initial and final bound states. Substituting the

initial and final wave functions for the initial and final bound-state subsystems into the integral
form of the fourth term of Eq. (1), one gets

AP =(2m)7? J dk kB (k) (k) (k. KAT7, GG Tpr |k K, (7)

where ¢,(k;) and ¢4k,) are the initial and final wave functions of the active electron in momen-
tum space. The inner integral is now denoted as

M, = (kKT G Tprlk, K,) = (2) f dk,dK (k. K| Tr, [k, K Xk K |G Tk, KD,

(8a)

where k; and K are the three-dimensional dummy variables. Changing from the Jacobi coordi-
nates r; and Ry to rp and Rp, as shown by Egs. (6a) and (6b), the integral form of M, changes to

M, = k. K/|Tr, G Tpk, K) = 2m)™° f dk,dK (k;+ K,/2,— k,+ K/2|Tr, [k, K,)
X (K k|G Tpr Ky ko). (8b)
The above integral form of M, can be further simplified to
M, = f dk,dK Tr,(k;+ K72,k E)GYY(E,) Tpr(K K E,) 8= ki + Ky — K ) 3k, - Ky)

(8c)

by implementing some simple algebraic rearrangement of the terms. Integration over the momen-
tum vectors k; and K will easily simplify M, further to give

M = Tr(kp+ K2,k E)GS(E) Tpr(— ks + K K E,). (8d)

This final result for M, is now substituted into Eq. (7) to obtain the general integral form of the
second-order nuclear partial amplitude associated with the target as

A(T2) = (277)_3f dkfdki¢;(kf')TTe(kf+ V_f’ki;Ef')GE)+)(En)TPT(Yf'_ k. v E,) pi(k;). (7"
The scattering energies E; and E, are, respectively, given by

E;=E-5(k- 1K)

and
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1,2 1 1 2
E,=E-3k =E - 5(k;+35K;)".

The second-order nuclear partial amplitude associated with the projectile, the fifth term in Eq. (1),
is next simplified using the same procedure as that in arriving at Eq. (7). In doing this the
second-order nuclear amplitude associated with the projectile becomes

AP =(2m f dkdk; b7 (k) (k) (k. KATp G Tp [k, K. 9)

The inner factor in Eq. (9), denoted as M,, is rewritten and simplified as

My = (kK| Tp G Tp [k, Ky = (2m) f dkpdK(~ K+ K /2, K+ K/2|Tprlky, Ky)

X (Ko, k|G T, | (K; - K))/2.K; + K}, (10a)

where k, and K, are the approximate three-dimensional dummy variables. The bra-ket terms in
Eq. (10a) can further be simplified by the same procedure described in arriving at Eq. (8c), so that

M,= f dkydK,Tpr(Ks+ K2, ks E) G (E,) Tp(ky, (K, — K)/23E,)

X 8-k, + Kg2 — ky - Kp/2) (K, - k; - K,). (10b)

This penultimate form of M, is integrated over k, and K,, giving its final form as

My =Tpr(= K+ K/2,~ Ko+ K2 + ki + J;E,) G (E) Tpo(k— (K; + 3)/2, (k; + K)/2; E)).
(10¢)

The resulting second-order nuclear amplitude associated with the projectile thus takes the form

AR = (277)_3f dkdk;;(Kp) pi(k) Tpr(v = Kp K =k~ K E,)

XGSUE) Tpo(k—Kif2 = J/2,(k; + V))/2;E)), 9"

where the scattering energy E; is defined as

EizE— i(kl+ Ki)z.

lll. EVALUATION OF THE AMPLITUDE

The FWL amplitude, its five partial components being summed in Eq. (1), describes the
transfer of the active electron to the projectile to form positronium. In practice we evaluate this
amplitude by representing it with an initial wave packet centered about the target ion, which
scatters through multiple collisions to form a final wave packet centered about the receding
projectile ion. As noted in Sec. I, the scattering in each of the two-body collisions is expressed in
terms of a two-body transition operator and a free Green’s function.'” The second-order nuclear
partial amplitudes, therein the second-order Faddeev amplitude, as given by Egs. (7) and (9), are
now evaluated in this section.

The first second-order internuclear term A(Tz) describes a double-scattering mechanism involv-
ing two subsequent scatterings of the positron and the electron by the target ion, the next result
being that the positron suffers a collision with the target nucleus as well as the active electron to
form a positronium subsystem in the final channel. Beginning from the far right-hand side of Eq.
(7), the electronic wave function of the bound electron with momentum distribution k; in the
initial channel is given by ¢,(k;). In the projectile frame, this wave packet is seen as an electronic
cloud with its momentum distribution centered at (k;+v;)/2 for which the energy corresponding to
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k; is E;. The wave packet colliding with the projectile suffers a transfer of momentum k;—v;, such
that after the collision the momentum becomes k;+(k;+J)/2. The free propagation of this wave
packet to the next collision is represented by the (completely) free Green’s function. Switching
now to the target frame, one must boost the momentum of the wave packet by (k;+v;)/2, so that
its final momentum becomes k;+k,~K. The corresponding shift in energy is given by AE=(k;
+ky— K)%/2-(k;/ 2+kp+J/ 2)2/2. Thus, in the target frame, the wave-packet components have the
energies E;=E;+AE. The second collision occurs with the target ion and causes a momentum
transfer —k;—J, giving a final momentum of K;+v. The transition matrix 77, thus describes the
off-energy-shell scattering of the wave packet in the second collision. After this second collision
the wave packet has a distribution of momentum Kk, centered approximately about v,. This distri-
bution is given by d)ji(kf) in the projectile frame.

In order to evaluate the second-order nuclear partial amplitudes, let us assume that the veloc-
ity of the projectile is large compared with the velocity of the active electron in the initial and/or
the final bound states. Under this assumption, Alston® derived a simplified form for the two-body
Coulomb transition operators. Following this prescription we let k, k', and E be the initial channel
momentum, the final channel momentum, and the channel energy of a two-body interaction,
respectively. For the case of a nonrelativistic high energy projectile, the Coulomb transition matrix
has been simplified previously,21

o T(1=i1") (1 +iv,
T (k.k';E) =47Z Z e ™ ( ) ,( )
’ ra- ley)

><|k—k,|_2_2iv"y, (11)

(QttyE = K5 (2pt E — k') (8 p E) V2

where all the relevant parameters are defined in Paper I. This form of the transition matrix contains
the off-shell factors and the Coulomb interaction amplitude. All the appropriate Sommerfeld
parameters which appear, hereafter, are defined as vp,==Zp/V;, Vp,==Zp/V;, vr,==Z7/Vy, V7=
~Z1INs vpr=ZpZy/V;, and Vpr=ZpZ7/v;, in which Z and Z¢ are the projectile and target
asymptotic charges, respectively.

The initial and final wave functions are labeled with two sets of quantum numbers (n,;/;m;) and
(ngdpmy), and the normalization factors of the initial and final wave functions are denoted by Ny,
and N, i respectively. The wave functions for the initial and final bound systems, in the momen-
tum representation, are

Fyae(k) = Bp(k) = Ry(K) Y, (K), (12a)

where Rnl(k)(Ylm(lE)) is the usual radial (angular) component. Note that the indices i and f,
designating the initial and final bound states, are eliminated for simplicity in this portion of the
manuscript. The radial part of the wave function is now given by

k! " 2a,
Rnl(k)anl—(k2+ a2)l+2cn+—l—l - 5] (12b)

where

Ny = 2m) 211 (o) 292200~ 1= Dm0 + )12,
a,=\-2ue,=uZ/n and Cf;'_ll_ ,(x) are the appropriate normalization factor, the positive parameter
related to the square root of the electron energy in the bound state, and the Gegenbauer polyno-
mial, respectively. In addition, u is the reduced mass of electron in the bound system which has
values of 1 for atomic hydrogen and 1/2 for positronium. Equation (12b) is further simplified by
a unique expansion of the Gegenbauer polynomials in terms of powers of (k2+a/ﬁ)‘1,
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n—I-1
Zafl
cf:},_1<1 - a2> = 2 Ay (K +a)™, (12c)

n 5s=0

in which A, is the expansion coefficient. Substituting Eq. (12¢) into Eq. (12b), a convenient
expanded form for R,;(k) is derived as

n—Il-1

Rnl(k) = an 2 Anl,skl(k2 + ai)—s—l—2. (12d)
s=0

Further substituting the appropriate parameters as defined by Eq. (4), into the free Green’s func-
tion, leads to

[GEUENT =[GPE)T = (B, = (v~ kP12 +im), 70", (13a)
and
[GE(ENT =[G (E)T = (E=kirz+ m). 70", (13b)

Now using the results of Egs. (13a) and (13b) in the forms of Ty, and Typ of Eq. (7’), one gets the
general functions,

o T(1=iv, )" T(1 +ivy,)
Tr(Ke+ Ve K E) = — 4mZre™ ™" ‘
re(Kp+ VK Ep) = — 4mZre (1= iv)

X (8 Ef)im—ziv‘}e[z E/- (kf + Yf)z]iv‘}e
X (2E;— k) relk + v, — k272071 (13¢)

and

a F(l - ZV%T)ZF(I + inT)
TV, =K ViiE,) = AmZpZe ™rr
PT(Vf >V )=4mZpZre T(1 = ivpy)

X (8E,)"rm b 2E, — (v~ k)] br

O R e N (13d)
The terms of the forms 2Ef—(kf+vf)2, 2En—(vf—kf)2, 2En—V[2, 2E,, etc., are correspondingly
simplified to —2(]{]2(—8}«), —2[(kj%+vj%)/2—sf], —2[kl-2—8,-/2], Vl-2+28i—kl-2, etc., respectively. Under

the approximation that the speed of the active electron is significantly smaller than that of the
Lo @)
projectile speed, the form of A;” reduces to

AP = G f dk k(12 + o )_li—2+iV?’rCli+1 ki %
T 0 i i n; ni—=l—~1 kl2 4 Ct’ﬁ.
oo kj% a az

X Ak 2 (2 + o _lf_2+iV;eCZf+1 ny ’ la

f o 7 7 ) iyl K+ aif (14a)

where
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Cl = 4ZPZ%.2i[_3(V‘;‘6+V(;’T)+2(VT€_VPT)]Nnilianlf eXp[— 77(2 Vc;*e + V(;’T)]él() 5m0 5[!05,,”/0

(1= iv$,) T(1 +ivy,) T(1 = ivp) T(1 + ivpy)

=221V +Vpr=Vpr) gr-242ivpr (14b)

I'(1-ivp,) I'(1 = ivpy) '
Substituting the special expansion of Eq. (12c) into Eq. (14a), the penultimate form for A(Tz) is
deduced,
ni—li— 1nf—lf—l 0 o0
A= 2 Ay Ans, J dk (0 + o )2 J dhgkif 2 (kf + g )l
5;=0 vf=0 0

(14¢)

The integrals contained within Eq. (14¢) have a simple form, which can be calculated eas.ily22 as

f“ A 1 a2y T 1+ 25 = 20021 T+ 3)12]

= = 14d
0 2Nl +s+2—iv) (a)ft>s+i=2v (149)

This result was explained in detail in Paper I. Thus the result of our derivation is

! T[(1;+3)2]  TL(+ 1+2s;— 2ivi)/2
2)_Cl E 2 [(1 )/2] [(Z; S lVPT) ]

ils: . .
2 5 nl i A,21“(li +5;+2—ivhy) (- Zsi)(ll-+1+2si—21V73T)/2

I'[(I,+3)/2] ULl + 1+ 25, 2iv7,)/2] (15)
"-/lf’xf2F(lf+ spH2-ivh) (- gf.)(l_/""l"'z‘vf_zi’/?‘e)/z :
Finally let us consider the next second-order nuclear amplitude AEDZ), which is the third double-
scattering mechanism in the FWL approach. This term describes the Thomas mechanism in scat-
tering of the final bound subsystem at the critical angle of 45°. In the first step, a positron knocks
the active electron into its final state and in the second step a collision occurs between the positron
and the target ion. After the second collision, the positron attains a final velocity of the order of the
scattered electron and travels in almost the same direction. This therefore enables them to form
positronium. A( is simplified, as from that given in Eq. (9'), by simplifying the terms Tpy, Tp,,
G(+)(E ), and the initial and final wave functions of the bound systems. This is achieved by
following the approach outlined previously for A(z) so that

5 F(l — ivp) T (1 + ivpy)
F(l +lVPT)

TPT(Vf kf,k kf K E ) 47TZPZ

X(2E, - (vy=k)») " X (2E, - (k; = k= v, +v,)2) "1
% (SEn)iupT—Ziv‘;,T|ki + J|—2—2ivPT (16a)

and

o« T(1=iv,)°T(1 +i
Tpe(kf~—ki/2—.]/2,(ki+Vi)/Z;Ei):—47TZpe_m’Pe ( lVPe) N ( IVP)
F(l - lVPe)

X[2Ei - (kf_ kl/2 - J/Z)Z]iv‘;,e[in — (kl + Vi)2/4]ivj§e
X(SEi)i(VPe+2VL;))|kf_ k, + K|22ivpe, (16b)

The free Green’s function in Eq. (9') is given by
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G E) = (E;— (ki +v)* 2 +in)™, (16¢)
where again the terms such as E,—(k;~k/,— J;+v) /2, E En—(vf—kf)2/2, E;
—(k;—v;)?/4, etc., are equal to [G§(E,)]™! [G(+ (E)T', - f) 2(k,4 s,li), etc., respectively.

We can, also, simplify the free Green’s function as

GYUE) = (E;~ |k + K~ K22 +im) ™!
=[5vi-3K2 -k, vt ep- s+ k)P - 3K+ K- (ki + k) +in]”
=[5(vi-K*+2¢) + k- K-k, J+in]"
=[Ka+k;- K-k J+in2]", (17a)

where

a=(vi-K*+2g)/2K. (17b)

The second-order internuclear amplitude (A 2)) can be further 51mphﬁed by the same method
described in Paper I for the second-order positron-electron amplitude A(

2) - - 142772 ~1;=2 li+1 k‘z+28”i
AD=c, | dxexVerted) | dkkTA (K - 28, )l +ivpeCli I ey Ji (kix)
0

0 i 28",» !
N 142072 I+1 k% +
X | digef (k- &, ’/‘2+”’PTCJ+ k—f jlf(bkfx), (18a)
0 £ 8y
with
C,=- 25+i(_V;e+2VPT_2V;T)WZ?,ZTN N, " exp{ —(=1- l)}

Sw, "
e"p[_ o et ”PT)} DO =i DUt ivpy) | D(1=i0)°T(1 +ivp,)
(1= ivh, — ivhy) T'(1-ivpy) I'(1-ivp,)

% V?i(VPe—zV(;;e+VPT'—2V(;;T) X J—2—2iVPTK—3—2iVPg+iV73T+iV7)B Yl ” (K) Y;;mf(j) (1 Sb)

and b=J/K. The expansion Eq. (12¢) for the Gegenbauer polynomial is next substituted in Eq.
(18a) which further simplifies it to

ni=li=1 n=l—1 o0 £
A(Z) =G, E E Anl sAnflf . f dxeiaxx—i(v‘;#v;e)j dkikﬁiﬂ(kiz _ 28ni)—li—si—2+iv‘;,ejli(kix)
5i=0 =0 0
% dk i +2(k2— )—l/—s/—2+iv;§T~ (bkx) (18¢)
(K = 8, )7 Ji \Okx). c

The derivation now continues in a way similar to the procedure leading to the term A ) that was
discussed in Paper 1. This similarity is evidence for the importance of the term A( ) as Well as for
the second-order electronic term, in explaining the occurrence of the Thomas peak at the angle of
45°, Both these terms have a maximum at a=0, where classically the condition (a¢=0) guaranteed
the conservation of energy and momentum of the system during the collision. On the other hand,
this equality (a¢=0) also occurs at scattering angles of about 45° which is the critical Thomas peak
angle. The final result of our derivation is given by
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ni~l—1 nf—lf—l
(2) _ . a .a 1 a1
Ap' = > > Pniljv(;ll,’nflfvij'(snj’8nf)j(1 + i+ L+ s+ 5= 20V, = 2iVpy,a;5 + 85— iVp,, 5 + ¢
5;=0 sf=0 ’

= iVpriN=28,,b\= snf), (19a)

in which

9=(Uks -—iV‘},E+lf+sf—iV';,T+3)

n ’n n78n A S n g
it (B ) = D+ 5,42 = iV )T+ s+ 2 = ifyy) 0%

X (_ 28ni)—(2si+l—2ivpe)/4(_ snf)—(Zsfl—l—ZivPT)/élcz’ (lgb)

while Egs. (19a) and (15) might look complicated; in practice, they are relatively simple to
compute with a personal computer being more than sufficient. The Agy; can then be calculated by
summing up the partial amplitudes evaluated in Eq. (1) or Eq. (3b), using Egs. (15) and (19a) for
A(z) and A(z) respectlvely, and Eq. 51 of Paper I for A, ) The first-order terms are obtained from
the results of other works.*® Differential cross sections m the laboratory and center of mass frames
are approximately equal as

do do 1v
— | =l=] =5Amwml 20
(d‘Q)lab <dQ)C.M. 772Vi| FWL' (20

and are therefore computable by using the second-order FWL amplitude from Eq. (1).

IV. DISCUSSION AND CONCLUSION

Positronium formation by the impact of a positron with an atomic target was described here
under a three-body model. The FWL formalism was adopted, as it is a fully quantum mechanical
approach to describe the charge transfer process. The second-order FWL formalism contains five
terms, as was shown schematically in Fig. 1. In this paper closed forms for the two nuclear terms
were specifically evaluated, as their importance to the scattering process was described in a review
by Dewangan and Eichler.”

In Fig. 3(a) the second-order internuclear amplitudes associated with the target, A and the
projectile, A , are plotted and compared with our earlier positron-electron amplitude as calculated
in Paper L. The second-order internuclear term, associated with the projectile, shows the Thomas
peak as expected and is roughly of the same order of magnitude as the second-order positron-
electron contribution. Specifically, this nuclear term is about 25% less at the Thomas peak, while
it is smaller by about 50% at angles higher than the Thomas peak. The second-order internuclear
term associated with the target is an order of magnitude smaller than the other two terms below the
Thomas peak and at smaller angles, while all three terms are roughly equal in magnitude at around
a scattering angle of 60°. The second-order internuclear term associated with the target then
dominates the other two terms at larger angles, being close to two orders of magnitude higher in
the backward direction.

The phases of the three terms are now plotted and compared in Fig. 3(b). It is clear from this
figure that the phase of the second-order internuclear term associated with the target is constant
over all angles. This term has a constructive effect on the second-order contribution to the final
cross section at higher angles, while the second-order internuclear term associated with the pro-
jectile has a destructive effect. The highest-order term affecting the cross section is the first Born
term, described earlier,19 which has a phase of (). Note that when a term has a phase difference
of an odd multiple of 7 from the first Born term, it will have a destructive effect, while a phase
difference of an even multiple of 7 will produce a constructive effect on the final cross section.

The calculated reaction amplitude was inserted into Eq. (20) in order to calculate the differ-
ential cross sections for the 1s to ls transition in the positronium formation reaction of e*-H.
Unfortunately, there are currently no experimental data available for those differential cross sec-
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7 | e +H(ls) — Ps(ls)+H

Amplitude (arbitrary unit)

Argument of Amplitude (arbitrary unit)
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(a) Scattering Angle 0° (b) Scattering Angle §°

FIG. 3. The present results for the three nuclear terms in the second-order amplitude as calculated under the FWL
formalism. The absolute values of the amplitudes are compared in (a) and the phases of the terms are compared in (b). The
illustrated data are for 50 keV positron impact on atomic hydrogen.

tions in the literature for us to compare with. However, we have integrated our results over the
scattering angles to calculate the total cross sections for the positronium reaction of e*-H. This
enabled us to compare the present results with the available experimental and other theoretical
total cross sections in the literature, as shown in Fig. 4. It should be noted that the range of energy
for the experimental results (13-55 eV) is quite different from those of the present theoretical
studies (50-50 000 eV). Further note that a line is drawn in Fig. 4 to guide the eye. However, this
line has the energy dependences of E-® and E- for the lower and higher energy regions, respec-
tively, with our calculated energy dependence for the cross sections being between (E~>) and (E~°)
at higher energies.17

As anticipated, there is good agreement between the theories in the higher energy region,
where it is expected that the present Faddeev formalism will be valid. Even at the lower energies

=y
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2

Charge Transfer Cross Section (ma,)
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1

=

=

S,

i
Lol vl ol

=)

107 10" 10° 10°
Incident Energy (eV)

3

FIG. 4. (Color online) The present results for the total capture cross sections are plotted as a function of incident positron
energy. The results from other experimental work (Refs. 14 and 15), and IA (Ref. 16), SPB (Ref. 17), and second Born
approximation (Ref. 18) calculations are also plotted for comparison. A line is drawn to guide the eye.
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the agreement is fair, tending well to the available experimental data. For future work, we will try
to adopt a Faddeev—Born approach to study the charge transfer reaction for positronium formation,
which is a better approach at small scattering angles. Experimental data are also still needed to
better understand this apparently simple three-body reaction.
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